SEMICLASSICAL STATIONARY STATES FOR NONLINEAR 
SCHRODINGER EQUATIONS WITH FAST DECAYING POTENTIALS 
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Abstract. We study the existence of positive solutions for a class of nonlinear Schrodinger 
equations of the type 

-e 2 Au + Vu = u p inR N , 
where N > 3, p > 1 is subcritical and V is a nonnegative continuous potential. Amongst 
other results, we prove that if V has a positive local minimum, and < P < jv-2 ' then 
for small e the problem admits positive solutions which concentrate as e — > around the 
local minimum point of V . The novelty is that no restriction is imposed on the rate of decay 
of V . In particular, we cover the case where V is compactly supported. 



1. Introduction 

We study the existence of positive solutions for a class of nonlinear Schrodinger equations 
which includes, in particular, equations of the type 

(1.1) - e 2 Au + Vu = u p inR N , 

where p > 1, e > and V G C(R N ,M+) is a nonnegative potential. Solutions of this 
equation are stationary states of the nonlinear Schrodinger equations. The parameter e is the 
adimensionalised Planck constant; one expects to recover classical physics when e goes to 0. 
This regime is referred to as the semiclassical limit. Equation also models the formation 
of spike layers in cross-diffusion [IB] . 

First results go back to Floer and Weinstein [ID] , who considered the case N = 1 and p = 3. 
Using a Lyapunov-Schmidt reduction method, they proved that if V is bounded and has a 
positive global nondegenerate minimum, then for e small enough there is a family of solu- 
tions that concentrate around the minimum point. Oh |17U18j . also using Lyapunov-Schmidt 
reduction techniques, obtained multibump solutions, i.e. solutions concentrating around mul- 
tiple nondegenerate critical points of V . The use of variational methods was initiated by 
Rabinowitz [20] , who proved the existence of a solution u £ for small e > under the assump- 
tion 

< infV < liminf V(x). 



Wang Xuefeng investigated the concentration phenomenon [21 j. His results imply, in particu- 
lar, that if solutions u £ attain its global maximum at x e , then liminf e ^q u e (x e ) > and there 
exist C, A > such that 

u E (x) < Cexp ( - ||x- x e \). 
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A variational method was subsequently devised by del Pino and Felmer [9] in order to obtain 
solutions that concentrate around an arbitrary local minimum of V. 

Throughout all these works, an assumption that infjjjv V > was made. If V > then 

V may vanish at some points of the domain, or V may vanish at infinity. Byeon and Wang 
[3 [H] have studied solutions concentrating around zeros of V. A remarkable feature is that 
these solutions have specific different concentration behavior that depends on the behavior of 

V near its zero. 

The study of the case where V > 0, but inf R jv V = has been initiated by Ambrosetti, 
Felli and Malchiodi [3] . They have proved the existence of solutions to the related problem 

-e 2 Au + Vu = KvP in R^, 

when K £ C(IR Ar ,M + ) is a nonnegative potential which decays fast enough. Ambrosetti, Mal- 
chiodi and Ruiz [4] have then proved, by Lyapunov-Schmidt reduction method, the existence 
of solutions to (jl.ip when V satisfies the assumption 

liminf V{x)\x\ 2 > 0, 

|a;|— +00 

which we call slow decay. Finally, Bonheure and Van Schaftingen [5J [6] have proved the 
existence and concentration of solution to (| 1 . 1 j) by the method of del Pino and Felmer in the 

case 

liminf V{x)\x\( N - 2 ^~V > 0, 

\x\— >oo 

which thus provides an improvement to the results in [4] when p > • 

In this paper, we address the question of existence and concentration for fast decaying 
potentials, i.e. potentials for which 

liminf y(x)|x| 2 = 0. 

|s;|— >oo 

One difference between equations with slow and fast decaying potentials is the decay rate of 
solutions as x —* oo. Similarly to equations with inf K jv V > 0, positive solutions of (jl.ip with 
slow decaying potentials such that liminf i^^^ y(x)|x| 2 = oo have an exponential decay at 
infinity. Solutions of (II. ID with fast decaying V may decay polynomially. For instance, if 

(1.2) limsupy(x)|x| 2+5 = 0, 

|a;|^oo 

for some 5 > 0, then positive solutions of (jl.ip decay no faster then Ixl - ^ -2 ), as one can 
see by comparing with an explicit subsolution at infinity |a;| — ^ -2 '(1 + |x|~ 5 ) of —A + V . A 
consequence of such polynomial decay of solutions is a Liouville type nonexistence phenomena: 
i.e., if (II. 2p holds then equation (jl.ip has no positive solutions in the neighborhood of infinity 
for p < j\f32, cf. [14]. A special case of a fast decaying potential is a potential V that vanishes 
identically. In this case, the equation 

-An = u p in R N 

has no positive solutions for p < , see [12] . The existence of positive solutions of (jl.ip 
with fast decaying potentials in the admissible range -J^ < p < is thus a rather delicate 
issue. 

A special case of our results in this paper is the following theorem, which in particular, 
answers positively the question about the existence of solutions for (jl.ip with compactly 
supported potentials, which was posed by Ambrosetti and Malchiodi [21 Section 1.6.5]. 
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Theorem 1. Let N > 3, < P < ^fzf and V G C(IR Ar ,]R + ) be a nonnegative potential. If 
there exists a smooth bounded open set A C R N such that 

< inf V[x) < inf V(x), 

xeA x£dA 

then there exists Eq > such that for every < e < Eq, equation has at least one positive 
solution u e . 

As a byproduct of our method, we obtain results about the concentration of solutions. A 
central issue in this analysis is that, if {u £ ) £> q is a family solutions of (jl.ip that concentrates 
to a point xq G M. n , then 

v £ (x) := u £ (x + ex) 

solves the rescaled equation 

-Av £ + V (x + ex) v £ = if inR^. 

This suggests that v £ should converge, in a certain sense, to a positive solution of the limiting 
equation 

-Av + V (x ) v = v p in R N , 

where V{xq) > 0. It is known that such a solution v decays exponentially as \x\ — > 00. On the 
other hand, if V satisfies (|1.2|) then v £ decays no faster then \x\~( N ~ 2 \ Concentration results 
for should thus capture a transition between polynomial decay of the concentrating 

solutions u £ and exponential decay of the limiting solution v. Actually, we show that u £ 
decays polynomially in x and exponentially in e. More precisely, we prove the following. 

Theorem 2. Let (u £ ) be the family of solutions of (jl.ip . constructed in TheoremUi Then 
for all sufficiently small e > there is x £ G A such that u £ attains its maximum at x £ , 

liminf u £ (x £ ) > 0, 
e— *0 

limV(x £ ) = inf V(x), 

and there exists C, A > such that 

u £ {x) < Cexp ( - - l^-^l ) (1 + \ x _ x £ \ 2 )-^. 

V £ 1 + \X — X £ \ ) X ' 

In particular, when V is compactly supported, solutions (u £ ) solve the equation 
(1.3) -Au = u p 

in an exterior domain. Remind that, according to [12l Theorem 3.6], solutions to (jl.3p in 
exterior domains for < P < decay at infinity either as Ixl -2 /^" 1 ), or as \x\~( N ~ 2 \ 
The family of solutions (u £ ), constructed in Theorem [H belongs to the former class. Note also 
that if V is compactly supported then the solutions u £ belong to L 2 (JH N ) only when > 5, 

JV+2 

while for iV = 3, 4 we have u £ G L^-2 (R JV ). 

Our approach in this work follows the variational penalization scheme introduced in [9] 
and adapted to decaying potentials in [5JE]. Formally, equation (jl.ip is the Euler-Lagrange 
equation of the functional 
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The first integral defines a natural Sobolev space. However, when 1 < p < jf^, the second 
integral need not be finite in this space, and one has thus T e (u) £ 1U {— oo}. This difficulty 
can be overridden by following the method devised by del Pino and Felmer. They modified 
the problem for large u and x so that the modified problem becomes well-posed and solvable 
|9j. One has then to show that solutions of the modified problem are small enough for large 
x, so that they solve the original problem. 

In particular, in order to tackle problems with decaying potentials, in [5j [6] the penalized 
problem 

-e 2 Au e + Vu £ = XAUe' 1 + XA C min(KV, u p £ )u £ , 

where < n < 1, was considered. One has then to show that u e < kV outside A. When V is 
compactly supported this approach fails, because one should then have that the solution are 
compactly supported, which cannot be the case. Our key observation in this paper is that, 
in order to overcome this difficulty, V can be replaced in the definition of the penalization 
by a Hardy-type potential H, chosen independently of the decay of V. We also improve the 
barriers used in [6] to obtain the decay of u £ . 

The paper is organized as follows. In Section [2] we give the precise assumptions and 
results of this paper. The three next sections are devoted to the proof of these results: the 
penalization problem is introduced in Section El the asymptotics of its solutions are studied in 
Section HI and in Section El the proof is completed by obtaining the decay of the solutions, and 
proving that solutions of the penalized problem solve the original problem. Finally, Section [6] 
discusses various extensions to two-dimensional problems, problems on domains and more 
general nonlinearities as well as improvements of some results in [6] . 

2. Assumptions and the main result 
2.1. Assumptions. We consider a slightly more general equation than (jl.ip . i.e., 
(Ve) -e 2 Au + Vu = Ku p in R N , 

where AT > 3, p> 1, e>0 and V, K € C(M Ar ,M + ) are nonnegative potentials. The existence 
of solutions will be related to the presence of local minimizers of the concentration function 

p+l N 

a(x) ■.= v{x >-y ■ 

K(x)p~ 1 

The linear part of the equation induces the norm 




and the weighted Sobolev space 

V V (R N ) := {u G Vl(R N ) \ \\u\\ £ < +00} . 

Here Vq (R n ) is the closure of C™(R N ) with respect to the L 2 -norm of the gradient. The 
space T>y(R N ) endowed with the norm || ■ || e is a Hilbert space. Note that the set T> v (R N ) does 
not depend on e > 0. If V is compactly supported then || • || e simply defines an equivalent 
norm on ~Dq(R ), while for general bounded nonnegative potentials V one always has the 
embeddings 

H 1 (R N ) C Vy(R N ) C T>l(R N ). 
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2.2. Main result. Our main result reads as follows. 

Theorem 3. Let N > 3, 1 < p < $±§ and let V,K G C7(R JV ,]R + ). Assume that there exists 
a < (N — 2)p — N and M > such that 

(K) < K{x) < M(l + \x\) a forallx£R N , 

and that there exists a smooth bounded open set A C R N such that 
(A) < inf A(x) < inf A(x). 



Then there exists Eq > such that for every e G (0,£o), equation ( V e ) has at least one positive 
solution u £ G T>y(R N ) n C 1 ^). Moreover, 

\\u £ \\ £ = 0{e N/2 ) as e -> 0, 
u e attains its maximum at x £ G A, 

liminf ti £ (x £ ) > 0, 
lim.A(x e ) = inf «4(x), 

e^O xGA 

and i/iere exists C, A > sf/c/i i/iai 

(2.1) u £ (x) < C7exp ( - - - |z ~ ae| . ) (l + \x- x £ | 2 )"^. 

V e 1 + \x — x £ \ J v ' 

If V satisfies the fast decay assumption (11. 2D then the restriction cr < (N — 2)p — N in the 
theorem is sharp, in the sense that (Vg) has no positive solutions for a > (N — 2)p — N (see 
e.g. [14]). If V satisfies (jl.2p then the upper bound (|2.ip is sharp as |x| — ► oo in the sense 
that for each fixed e G (0, eo] 

liminf \x\ N ~ 2 u £ (x) > 0. 

[a;[— >o<a 

This follows, e.g., by comparison with an explicit subsolution at infinity |ar| — '^""^(l + | ^ ) 
of-A + V. 

The asymptotic behavior of the solutions can be described as follows. Let (e n )n>i be a 
sequence that decreases to zero, and (x n ) n >i C A be a sequence such that 

liminf u £n {x n ) > and x n — > x G A. 

n— +oo 

Then A(x) = inf a .A and, along a subsequence, the sequence of rescaled solutions 

v n (x) := u £n (x n + ex) 

converges m the Ci oc (R N ) topology to a positive solution v G i? 1 (M 7V )nC7 1 (M 7V ) of the limiting 
equation 

-Av + V{x)v = K(x)v p inR N . 
See Lemma S3] below for details. 
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2.3. Organization of the proof. The proof of Theorem [3] is organized as follows. In Sec- 
tion [3] we introduce an adequate modification of the penalization scheme of [6 J which allows us 
to include into consideration potential V with fast decay. Then we apply the mountain-pass 
lemma to establish the existence of a family of positive solutions (u £ ) to the penalized prob- 
lem. In Section 0] we obtain energy and uniform estimates on the mountain-pass solutions. 
Many of the proofs in this section require only very minor modifications comparing to the 
results in [ft], so we omit the details in most cases. In particular, we establish in Section 0] a 
first weak concentration result, Lemma 14.44 which tells that solutions u e uniformly decay to 
zero as e —* outside a family of balls B(x £ ,eR) whose centers x £ concentrate to the local 
minima of the concentration function A(x). This information becomes crucial in Section 
where it is used to arrange a comparison of solutions u e with carefully constructed family of 
barrier functions, which have sharp asymptotic both as e —* and x — > do. This allows to 
establish the sharp concentration bound (|2.ip and at the same time to show that solutions u, 



e 



of the modified problem actually solve the original problem [V e \, which completes the proof 
of Theorem [3l 

3. Penalization scheme 

3.1. Penalization potential. Without loss of generality, we assume that 6 A. One can 
then choose p > so that B(0,p) C A. Let xa denote the characteristic function of the set 
A. We define the penalization potential H : M — > M by 

«(1 - Xa(z)) 



(3.1) H{x) :-- 



N 2 (iogg) 1+ ^ 



where (3 > 0, po > and k > are chosen so that po < p and 



, (iV-2) 2 



The Hardy inequality 



- (iv-2) 2 r !«(*)!» w _^ m ^ 



4 Jrn \x\ 2 

ensures positivity of the quadratic form associated to — A — H on W N . 
Lemma 3.1. For every u E T>q( 



( 3,) / <w-HW >_ { (^_ 7r J Us ) rj^f dx . 



4 ('"ei) 1 *"^ 1 " N 

This implies, in particular, that the linear operator —A — H satisfies the comparison prin- 
ciple on open subdomains G C Mr. We formulate it in a form which is convenient for our 
purposes: 

Lemma 3.2 (Comparison Principle). Let G C W N be a smooth domain. Assume that u,v E 
Hl oc (G)nC(G) satisfy 

—Au — Hu > — Av — Hv in G, 

V(it — «)_ E L 2 (G) and (u — v)- £ L 2 (G,(l + \x\)~ 2 dx) . IfdG^ty, assume in addition that 
u > v on dG. Then u > v in G. 
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Remark 3.3. The integrability assumption (u — v)— £ L 2 (G, (1 + |x|)~ 2 (fa;) is required im- 
plicitly in the proof of the corresponding Proposition 24 in [6], but is not mentioned explicitly 
in the statement therein. 

Lemma 13.21 is proved by multiplying the inequation by (u — v)-, integrating by parts and 
applying ^ (cf. [MCE]). 

Now we are in a position to construct a minimal positive solution to the operator —A — H 
in the complement of A. 

Lemma 3.4. There exists w £ C 2 (A C ) such that 



(3.3) 
and 



-Aw — Hw = in A , 
w = 1 on dA. 

\w(x)\* 



(j V ^x)| 2 + ^j^)(ix<oo. 

Moreover, there exists < c < C < oo such that for every x £ A c , 

c|x|-^- 2 )<ii;(x)<C|x|-^- 2 ). 

Proof. First one constructs tu by minimizing J Ac |Vu;| 2 — H\w\ 2 . By classical regularity esti- 
mates, w £ C 2 (A C ). 
Now set 

(3.4) W(x) := |x|~^- 2 ) ((JV - 2)P - «(log g)^) , 

where /? > is taken from (|3.ip . Computing 

k(N-2)0 K0(P + 1) 



-AW(x) 



\x\ N {\og^Y+P | x |iV(logM )2 ^ 



one verifies that the function W is a supersolution to —A — H in A c . Choosing R so that 
A C B(0,R), and 

(N -2)0 hog— j >k, 

one checks that W is positive on dB(0, R) C A c . By the comparison principle of Lemma 13.21 
w is bounded from above by a positive multiple of W in M. N \ B(0,R). Since W(x) < 
(A^-2)/?|x|-( 7V - 2 ) and w is continuous on B(0, R) \ A, one obtains the desired upper bound. 
On the other hand, the function 

v(x) := \x\~( N -V 

is a positive subsolution to — A — H in A c . Thus, by Lemma |3. 2\ we obtain the bound from 
below. □ 

The previous propositions summarize the properties of the potential H, which is chosen as a 
largest possible potential such that the quadratic form inequality (|3.2p of Lemma l3.14 and, as 
a consequence, the comparison principle (Lemma l3.2p hold, and the minimal positive solution 
of (|3.3p decays at infinity as 2 ) (Lemma I3.4p . Notice however that the asymptotics of 

the minimal positive solution only plays a role in Section [5J for the construction of barrier 
functions. 
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3.2. Penalized nonlinearity. Define the truncated nonlinearity g £ : M> N x M + — > M by 

(3.5) c/ e (x, s) := xa(x)K(x)s p + min(e 2 #(x), J FC(x)s p " 1 )s. 

Define also G e (x, s) := Jq g £ (x, t) dt. The function g £ is a Caratheodory function that satisfies 
the following properties: 

(<7i) 9s( x i s ) = °i s ) as s ^ + uniformly on compact subsets of l w ; 
(92) 9e{ x i s ) = 0(s p ) as s — > 00 uniformly on compact subsets of M^; 

(53) < (p + l)G e (x, s) < sc/ e (x, s) for (x, s) £ A x M+; 

(54) < 2G £ (x,s) < sg e (x,s) < e 2 H{x)s 2 for (x,a) £ A c x R+. 
We are now in a position to introduce the penalized functional 

J £ {u) := I I (e 2 |Vu(x)| 2 + V{x)\u{x)\ 2 ) dx - —J— / G e (x, u(x)) dx. 

Using (52), (54) and Hardy's inequality, it is standard to check that J £ is well-defined and 
that J £ £ C 1 (Py (R )j R)- Moreover, critical points of J £ are weak solutions of the equation 

(V E ) - e 2 Au + V(x)u = g £ (x,u) in R N . 

One can also see that is a strict local minimum of J £ and that J £ is unbounded from below 
(cf. [U Lemma 5]); so, J £ has the Mountain Pass geometry. We are going to show that J £ 
satisfies the Palais-Smale condition. 

Lemma 3.5. Let (u n ) C T>h(M. ) be a Palais- Smale-sequence for J £ , i.e., for some c6i, 

J e (u n ) -> c, and J' e {un) -> 0. 
Ifl<P< then, up to a subsequence, (u n ) converges strongly to u £ T>y(M. ). 

Proof. It is standard to verify using (#3) and Q74) that (u n ) is bounded in V V (K N ). Up to a 
subsequence, u n ^ u £ V V (M. N ). By Rellich's theorem, one has thus u n — > u in Lj^^R"). 
Further, one has, by Hardy's inequality, for R > pq, 

H \u\ 2 < K —— n [ l -^fdx< / \Vu\ 2 . 

R) - (io g f) i+/? v n 2 - m 2 (io g f) i+/3 A- 

Since (u n ) is bounded, for every 5 > there exists > 1 such that for n £ N, 

(3.6) / #K| 2 < 5. 

jR Ar \B(0,i?) 

One has now, by assumption, 

limsup||u n — u\\ 2 = limsup / (g £ (x,u(x)) — g £ (x,u n (x)))(u(x) — u n (x)) dx 



j 

Je 



<limsup / (g £ (x,u(x)) - g £ (x,u n (x)))(u(x) - u n (x))dx 

n->oo Jb(0,R) 



+ limsup / e 2 H(\u\ 2 + \u n \ 2 ) 

n-*oo Jm. n \B{Q,R) 

< 2e 2 S. 

Since e > is fixed and 5 > is arbitrary, this proves the claim. □ 
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Remark 3.6. The same arguments prove that the mapping u i— ► g(-,u(-)) is completely 
continuous from T> V (R") — > T> V (R N )*, i.e. maps weakly convergent sequences to strongly 
convergent sequences. This simplifies the proof of the existence comparing with previous 
penalizations, where the corresponding mapping was not completely continuous, which made 
the Palais-Smale condition more delicate to establish [61 [9] . 

Since J e satisfies the Palais-Smale condition, all the assumptions of the Mount ain Pass 
Lemma are fulfilled. We obtain the following existence result for modified problem (V e ). 

Proposition 3.7. Let 1 < p < Set 

T £ := { 7 G C([0, l],V v (R N )) | 7 (0) = 0, J £ ( 7 (l)) < 0}. 

For every e > 0, the minimax level 

c £ := inf max J e h/(t)) > 0, 
7£r e te[o,i] 

is a critical value of J e . 

We call every critical point u G T>y(R ) such that J e (u) = c e a /eas£ energy solution of 



By the standard regularity theory, if u £ i?A (R^) is a solution of (P £ ), then u G (R^) 
for every gG (1, oo). In particular, u G C-.'? (R - ^) for every < a < 1. In general, no further 
regularity can be expected as g £ is not continuous. Also, by the strong maximum principle, 
any nontrivial nonnegative solution u G Cj '"(R^) of CP £ I is strictly positive in R N . 

4. ASYMPTOTICS OF SOLUTIONS 

4.1. Upper estimate on the energy. For every G A, define the functional T Xt : 

H 1 (R N )^Rby 

FxM-= \ [ {\Vu\ 2 + V(x*)\u\ 2 )--±— f K(x*)\uF +1 . 

2 Jrn p + 1 J R N 

Set 

T := { 7 G C([0, l],^ 1 ^)) | 7(0) = and ^ ( 7 (1)) < 0} 
and consider a minimax level 



By a scaling argument, 



where 



inf max Fodft)). 

76r t6[0,l] 



1 1 1 



and 



r 2 p + 1 



S 2 +1 := inf <! / |Vu| 2 + \u\ 2 | / \u\ p+1 = 1, u G CTR^ 



is the Sobolev embedding constant. Moreover c^, is a critical value of T x ^ (see, e.g., [2"2"]). 
Critical points v G i? 1 (M iV ) such that T Xjr (v) = c Xt are called ground states of the equation 

(4.1) - Av + V(x*)v = K(x*)v p inR N . 
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These ground states decay exponentially at infinity, i.e., 



v(x) < C(l + \x\ 2 )— exp(- v / y(x,)|a;|), 

with C > (see Proposition 4.1]). It is also known that, up to a translation, every positive 
ground state of (|4.ip is radial and radially decreasing, and that radial positive ground state 
is unique [13]. 

A starting point in our consideration is a comparison between critical levels c £ and c Xt for 
e small and x* a local minimizer of A. 



Lemma 4.1. If (u £ ) £> q is a family of least energy solutions of §T £ \) , then 



limsup£- N J £ {u £ ) < (,Sp+l)r inf A. 
e^O r A 



Moreover, there exists C > such that 

\\u £ \\ £ <Ce N /". 

Proof. The proof of the first part is identical to the proof of Lemma 12 in [BJ, because all 
calculations are performed inside A and do not depend on the choice of penalization. The 
proof of the second statements follows from the first one and from (53). □ 

4.2. No uniform conv erge nce to zero. An important pointwise information about the 
least energy solutions of (V e ) is that u £ can not converge uniformly to zero as e — > 0. 



Lemma 4.2. If u £ E T>h(M. N ) is a weak positive solution of {Ve), then 

V(x)\^j 



he\\L^A)>^[ KK{x) 

Proof. Let 5 denote the right-hand side of the inequality. By continuity and positivity of V 
and K, 5 > 0. Assume now by contradiction that u £ is a positive solution of { V e ) and that 
Ue < 8 on A. Then for x £ A one has 

g £ (x,u £ (x)) < 5 p ~ 1 K(x)u £ (x) < V{x)u £ (x). 



Therefore one has 
and hence 



-e 2 Au £ + Vu £ < XkVu £ + e 2 Hu £ on R N , 



-Au £ - Hu £ < on R N , 



Now, since u £ G T>q(W n ), Lemma 13.21 is applicable. One concludes that u £ = 0, which brings 
a contradiction since J £ {u £ ) = c £ > by Proposition 13.71 □ 

4.3. Lower estimate on the energy. Following [6J, we can examine the behavior of least 
energy solutions u £ along a sequence of points at which it does not vanish. 



Lemma 4.3. Let (u £ ) £> o be least energy solutions of {V e ). Let (£ n ) n >\ be a sequence that 
decreases to zero. Let K > 1 and, for i 6 {1, . . . , K}, let (x l n ) n >i be a sequence in A. If for 
every i £ {1, . . . , K}, 

liminf u £n {x l n ) > 0, 

n— >oo 

and for every i,j £ {1, . . . , K} such that i 7^ j, 

I ?' 7 1 

lim = +00, 

n— >oo £„ 
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then 

liminfe-* J £n {u £n ) > lim 

n—foo n^oo r 

i=l 

Proof. This lemma is proved similarly to Proposition 16 in [6j. The only difference is that the 
penalization is not the same, and that V may vanish. However, the modified penalization is 
stronger, and V does not vanish on a neighborhood of A. Therefore, the proof of [6J applies 
straightforwardly, provided the intermediate lemmas are restated by adding conditions that 
sequences of points are taken in A. □ 

As a consequence of Lemma f4. 3 1 we prove that least energy solutions u £ concentrate around 
a family of points inside A. This is a first crude concentration result which will be the starting 
point to finer concentration estimates. 



Lemma 4.4. Let (u £ ) £> o be least energy solutions of (V E ). Let (x £ ) £> o be such that x £ G A 
and 

liminf u £ (x £ ) > 0. 

Then 

liminf d(x e , dA) > 0. 

e— »0 

and 

( 4 - 2 ) l™ IKIIz^AYB^e-R)) = 0. 

Proof. For the first assertion, assume by contradiction that there exists a sequence (e n )n>i 
such that e n —* 0, and lim n ^ OQ d(x £n ,dA) = 0. Then, by Lemma 14.31 

S p mfA > liminf e~ N J £n (u £n ) > 5 P liminf A(x £n ) > 5„inf^4 > SUinfA 

A n-^oo n-+oo (9A A 

But this contradicts Lemma 14. II 

For the second assertion, assume by contradiction that there exist sequences (e n )n>l an d 
(y n )n>i such that y n £ A, 

lim e n = 0, u £n (y n ) > 5, and lim J—^ — = +oo. 

n— >oo n— >oo £ 



Then, by Lemma 14.31 

liminf e- N J en (u £n ) > S p liminf (A(x £ J + A{y n )) > 2S p hfA. 

n— >oo n— >oo A 

Since infA^l > 0, one obtains again a contradiction by Lemma 14.11 □ 

4.4. Convergence of rescaled solutions. A consequence of Lemma 14.31 and the upper 
bound of Lemma 14.11 is that a sequence of least energy solutions, rescaled along a sequence 
of points at which it does not vanish, converges to a solution of the limit equation. Following 
the arguments in the proof of Lemma 13 and Proposition 18 of [B], one can establish the 
following. 



Lemma 4.5. Let (u £ ) £> o be least energy solutions of CP £ ). Let (e n ) n >i be a sequence that 



decreases to zero, and (x n )n>i C A be a sequence such that 



liminf u £n (x n ) > and x n — > x G A. 

n^oo 
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Then A{x) = inf^A and the sequence of rescaled solutions 

v n (x) := u £n (x n + ex) 

converges in (R. N ) to a positive solution v G ff 1 (M Ar ) n C 1 (IR iV ) of the limiting equation 

-Av + V(x)v = K(x)v p inR N . 
In particular, using (|4.2p . we conclude from Lemma 14.51 that 

supIKIIwr^) < oo. 

£>0 

5. Barrier functions and solutions of the original problem 

In this section we introduce barrier functions which will be used to obtain sharp decay 
estimates on the least energy solutions (u e ), and hence to show that (u e ) indeed solves the 



original problem (V e 



5.1. Linear inequations outside small balls. Let u e G Vy(M. N ) be a nonnegative solution 
of (P E ). Then, according to the construction of the penalized nonlinearity, u £ is a subsolution 



of the original problem (V £ ), i.e., 



-e 2 Au £ + Vu e < Ku p £ in R N . 
At the same time u e satisfies the linear inequation 
(5.1) - e 2 Au £ - e 2 Hu £ + Vu £ <0 in A c . 

The next lemma shows that a slightly weaker inequation holds outside small balls centered 
around a sequence of points at which u £ does not vanish. 



Lemma 5.1. Let {u £ ) £> q be least energy solutions of (V E ). Let (x £ ) £> o be such that x £ G A 
and 



liminf u E (x E ) > 0. 

£— »0 



For every u G (0, 1), there exists Eq > and R > such that for all £ G (0, eq), 
(5.2) - e 2 Au e - e 2 Hu £ + (1 - v)Vu e < inR N \ B(x £ ,eR). 

Proof Set 

Since V and K are continuous and V does not vanish on A, 8q > 0. By Lemma 14.41 there 
exists £o > and R > such that for all e G (0, eq] one has 

(5.4) u £ (x) < 5 for all x G A \ B{x £ ,eR). 

Hence, 

-£ 2 Aii £ + (1 - z^)y(x)n £ < —e 2 Au £ + (V - Ku p - l )u £ = in A \ B(x £ ,eR). 

Further, (|5.ip implies that u e satisfies the desired inequality in A c , which completes the 
proof. □ 
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5.2. Barrier functions. Lemma 15.11 suggests that one can obtain upper bounds for the 
family of least energy solutions (u e ) by comparing them with appropriate supersolutions. 
Following [6], we introduce suitable barrier functions. 

Lemma 5.2. Let {x £ ) £ C A be such that liminf e ^o d(x £ , OA) > 0, let v G (0, 1) and let R > 0. 
Then, there exists £q > and a family of functions (W £ )o <e<eo in C l ' 1 (R N \B(x e ,sR)) such 
that, for e G (0, £q), 

i) W £ satisfies the inequation 

-e 2 AW £ - e 2 HW £ + (1 - v)VW £ > in R N \ B(x £ ,eR), 

ii) VW £ G L 2 (R N \ B(x £ ,eR)), 
Hi) W £ = 1 on dB(x £ ,eR). 

iv) for every x G R N \ B(x £ , eR), 

A \x-x F \ \ , , 2 \-^ 



W £ {x) <Cexp --^-j ^-r (l + |x 

V e 1 + \x — x £ \ J x 

In the language of [6], the first three properties mean that (W e ) e >o is a family of barriers 
functions. 



Proof. Fix > so that 
and choose r such that 

Define for y G R N , 

(5.5) 7£ (y) = cosh /i(r ~ |y| 



H 2 < (1 - v)infV 

v A 

< r < - liminf d(x £ , dA) 
2 e— >o 



One has on 5(0, r), 



-e 2 A 7e + n 2 le > 0. 



Let w G C 2 (A C ) be the minimal positive solution to — A — H in A c , given by Lemma 13.41 Let 
w G C 2 (R N ) be a positive extension such that w(x) = 1 if d(x, A c ) > r. Set now 



(5.6) u^e(a;) 



j £ (x-x e ) if x G B(x e ,r), 
w{x) if x G B(x £ , r) c . 



Now, if e is small, B(x £ ,2r) C A, so that w £ G C 1 ' 1 (lR Ar ). Moreover, in B(x £ ,r) \ {x £ } we 
have 

-e 2 Aw £ - e 2 Hw £ + (1 - ^)Fw £ > -e 2 A 7e + (1 - v)(mfV)j £ > 0. 



One also has in A \ B(x £ ,r) 

-e 2 Aw £ - e 2 Hw £ + (1 - v)Vw e = -e 2 Aw + (1 - > 0, 

for e > small enough, since w > and V > on A. On the other hand, one has in A c 

-e 2 Aw £ - e 2 Hw £ + (1 - v)Vw £ = e 2 (-Au> - Hw) + (1 - i/)Vu; > 0, 
since w > and solves (|3.3() . Finally, since w £ G C 1 ' 1 (IR Ar ), we conclude that 

-e 2 Aw £ - s 2 Hw £ + (1 - v)Vw £ > 
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weakly in E \ {x £ }. Setting 



W e (x) 



w £ {x) 



cosh — R) 



one can check the other properties. 



□ 



As a consequence of the previous lemma, we obtain an upper bound on the family of 
solutions (u £ ). 



Proposition 5.3. Let (u £ ) £> o be least energy solutions of (V E ). Let (x £ ) £> q be such that 



liminf u £ {x £ ) > 0. 

£— >0 



Then there exists C, A > and £q > such that for all e 6 (0, £q), 



(5.7) 



u £ {x) < C exp 



A \x — x F 



(l + |x| 2 ) 



-(N-2) 



x 6 



piV 



.r 



G A c 



e 1 + \x — x £ \ 

The bound (|5.7p implies the weaker bound 

(5.8) u £ (x) < Ce-7|x-x £ |- (Ar - 2) , 

which can be sometimes more convenient to use. 

Proof. By Lemma [5 .1\ there exists Eq > and R > such that for all e £ (0, £o) the solutions 
u £ satisfy inequation (|5.2p and, by (|5.4p . one has 

lie(a^) < on dB(x E ,eR), 

where <5o > is defined by (j5.3|) . Now let (We) e be the family of barrier functions constructed 
in Lemma 15.21 By Lemma 13.2} we conclude that 

u £ {x) < 5 W £ (x) in R N \ B(x £ ,sR). 

Estimating W e from above and taking into account that sup 1 1 %i>£ 1 1 n^N \ < 00, we obtain 

□ 



5.3. Solutions of the original problem and proof of Theorem EC The proof of Theo- 
rem [3] now follows from Proposition 15.31 and the following. 



Proposition 5.4. Let (u £ ) £> o be least energy solutions of WsV - If 

a < (N - 2)p - N. 



then there exists £q > such that, for every < e < Eq, u £ solves the original problem fp £ 
Proof. By Lemma H~2| there is a family of points (x £ ) £> o C A such that 

liminf u £ (x £ ) > 0. 
e^0 

Let do := mi d(x £ ,dA) > 0. Therefore, by assumption (TAT) . Proposition 15.31 and (|5.8p . for 
small e > and for x G A c we obtain 

K(x)(u £ (x)) p - 1 < M(l + |z|r(C'e-v| a; |-( iV - 2 )) p - 1 

< CMe-7(f- 1 )(l + | x |)-(A f -2)( P -i)+ CT 



< 



e 2 K 



! (log?) : 



e 2 H{x). 
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By construction of the penalized nonlinearity g £ , one has then g e {x, u e (x)\ = K(x)(u e (x)) p , 
and therefore u e solves the original problem fl"P e p. □ 



Remark 5.5. The proof of the preceding proposition shows that assumption §K\} can be 
replaced by the existence of M > and j3 > such that 



( l + | x |)(jV-2)p -V 

log(|x|+3)) 



(K r ) K{x) < M^^— TW for all x E R N . 



6. Variants and Extensions 

6.1. Dimension two. With minor adjustments the penalization techniques developed in the 
paper could be modified for the case N = 2. Recall that the classical Hardy inequality fails 
on M 2 , i.e., if for every u E C^°(R 2 ) 

[ \Vu\ 2 > [ H(x)\u\ 2 , 

JR 2 Jr 2 

and H > on M 2 , then H = on M. 2 . As a consequence, the space Dq(M 2 ) is not well-defined, 
see [12] for a discussion. 

The following inequality can be seen as a replacement of Hardy inequality for the exterior 
domains on the plane: if po > 0, then 

(6.1) / \Vu\ 2 >-( M X)1 [ dx VuEC c °°(S(0,Po) c ). 

jB(o, P0 r 4 JB(o, P0 r |x| 2 (iogg) 

To define the energy space, and to formulate the variational problem on the whole of M 2 , we 
will need another Hardy type inequality, which is valid on the whole of M 2 . 

Lemma 6.1. Let po > and p > po. Then there exists C > such that for every u E C^°(M. 2 ), 

(6.2) / \Vu\ 2 + c[ H 2 >][ KX)I ', 2 dx. 
Jr 2 Jb(o, p )\b(o,po) 4 JB(Q,py |a;| 2 (logg) 

Proof. Let 9 E C 2 (R) be such that 0(t) > 1 for t E M, 0(t) = 1 if t < and 9{t) = y/iift>l. 
Define W E C 2 (R 2 ) by 

Tog^ 



log^ 

By the Agmon-Allegretto-Piepenbrick positivity principle (see pQ or |15} Lemma A.9]), we 
have for each u E C?°(M 2 ), 



,,3) /,v„|- + 

Jr 2 Jr 2 W 

A direct computation shows that 

log 



vf- 



■ o I -AW, ., 

^ 2 > / 1^1 ■ 



-AW(s) = -0 

In particular, when |ac| > p we have 

-AW(x) 



£0_ 

iog^;N 2 (io g ^) 2, 



^0=) 4|x| 2 (logg) 2 ' 
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When po < \x\ < p we have 

-aw(x) < a 



>2' 

PO ' 

Finally, when \x\ < po we have 

-AW(x) 



W(x) 



0. 



Hence flE2]) follows from (jS3J) with C = C'po 2 (log -f )~ 2 . □ 



Assume that B(0,p) C A and fix po £ (0, p). If e > satisfies 
(6.4) e 2 C < inf W<c), 

B(0,p) 

where C is the constant in (j6.2fl . then for every it € C^°(IR 2 ), 



2 

dx. 



(6.5) / e 2 |Vu| 2 + y|n| 2 > ~ / ^ (x)l , , „ 

Jn? 4 7 AC | x |2( log M) 2 

The energy space T)y{M. N ) can be constructed similarly to the case N > 2 as the closure of 
C^QR 2 ) with respect to the norm || • || £ defined by 



:= / (e 2 |Vn| 2 + V\u\ 2 ) 
Jr 2 



For e < rj, \\u\\ e < < f ||«|| e ; hence all the norms define the same space for every e > 0, 
regardless of whether e satisfies ()6.4p . 

The penalization potential H : W N — ► R is defined by 

(6.6) H{x):= 



where (3 > and k > are chosen so that 

K 1 
< -. 



f 4' 

Note the exponent 2 + /3 in (|6.6p which replaces 1 + /? in (|3.1|) . 



gs 1 + /3 in (I3J|) . 

Inequality (|6.5p ensures positivity of the quadratic form associated to — e 2 A — e 2 H + V on 
R N , for e > satisfying (|OD : 

(6.7) / (e 2 \Vu\ 2 -e 2 H\u\ 2 + V\u\ 2 ) > e 2 (I-_ " -) / ^rr-f^ 

for every u £ T> V (M. 2 ). This implies, in particular, that the linear operator —e 2 A — e 2 H + V 
satisfies the comparison principle on open subdomains G C M. N . 

Lemma 6.2 (Comparison Principle). Let GC1 2 be a smooth domain. Assume that u, v G 
^(G)flC(G) safe/y 

-e 2 Au - e 2 Hu + Vu> -e 2 Av - e 2 Hv + Vv in G, 

V(u-v)- E L 2 (G) and(u-v)^ G L 2 (G\ B(0,p), |x| _2 (log(j^))~ 2 (ix) ; w/iere p > p - // 
<9G ^ 0, assume in addition that u > v on dG. Then u > v in G. 
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Now we construct a minimal solution to — A — H in the complement of A. 
Lemma 6.3. There exists w £ C 2 (A C ) such that 

f —Aw — Hw = in A c , 



(6.8) 
and 



w = 1 on dA. 



[ \Vw(x)\ 2 + |W(X)|2 2 dx<oo. 

J A- |x| 2 (log^) 

Moreover, there exists < c < C < oo suc/t t/iai /or every x £ A c , 

c < iu(a;) < C. 



Proof. The existence of a solution follows from (16. ip by the classical variational techniques. 
To obtain the asymptotic, set 

(6-9) W(x):=p(J3 + l)- K 

where /? > is taken from (|6.6|) . Since, for x 6 M 2 \ -6(0, po), 



-AW(x) 



\x\ 2 (log^) 



\x\\2+0 



If is a supersolution to —A — H in A c . Moreover, W is positive on dB(0,R) C A with 
A C B(0,R), provided R satisfies 

^C9 + l)(log^>«. 

The proof continues as in Lemma 13.41 using comparison principle of Lemma 16.21 (or alterna- 
tively, a comparison principle that follows from (|6.1|) instead of (|6.6|) ). □ 



After these adjustments are introduced, one defines penalized nonlinearity using (|3.5p and 
proceeds as in the proof of Theorem El with obvious modifications. The barrier functions are 
defined using (|5.5p . (|5.6I) with N = 2. In this way one obtains the following result. 



Theorem 4. Let p > 1 and let V,K E C(M 2 ,M + ). Assume that there exists a < —2 and 
M > such that 

< K(x) < M(l + \x\) a forallxGM 2 . 
If there exists a smooth bounded open set Acl 2 such that 

< inf A(x) < inf A(x). 

xeA ie€<9A 



then there exists Eq > such that for every < s < Eq, equation {T\) has at least one positive 

0(e) as £ — ► 0, 



solution u £ £ V^iM 2 ) n C 1 ^ 2 )- Moreover, 



u e attains its maximum at x e G A, 



liminf u e (x e ) > 0, 
lim.A(x e ) = inf A(x) 
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and there exist C, A > such that 

(6.10) uJx) < Cexpf - - \ X ~ X£ \ V xGR 2 . 

V e 1 + \x — x £ \ J 

If V has compact support in R 2 then the restriction on the admissible range of a is sharp: 
dPgD has no positive solutions for a > —2 (see e.g. [IS]). The upper bound (|6.10p is optimal 
as \x\ — > oo in the sense that 

liminf u e (x) > 0, 

\x\— >oo 

for each fixed e G (0,£o]. Indeed, by Lemma 16.21 solutions (u £ ) can be bounded from below 
by a constant. On the other hand, for every fixed x G A c , u £ (x) tends exponentially to as 
e — > 0. Note also that solutions (it £ ) do not belong to L P (R N ) for any 1 < p < oo. 

6.2. Equations on domains. With some adjustments the techniques developed in the paper 
can be extended to the equations 

(6.11) - e 2 Au + Vu = Ku p in ft, 

where ft is a domain in R . Let cIqq(x) := d(x,dd) denotes the distance to the boundary 
of ft. For the sake of simplicity we limit our discussion to the case when ft is bounded and 
smooth. 

Theorem 5. Let ft C R^ be a domain with a smooth bounded boundary, 1 < p < if 
N > 3 or 1 < p < oo if N = 1,2. Assume that V,Ke C(ft,R + ) and there exists a < p + 1 
and M > such that 

Assume there exists a smooth bounded open subset A C ft such that 

< inf A(x) < inf A(x). 



Then there exists Eq > such that for every < e < £q, equation < \V £ \) has at least one positive 
solution u £ G Hg(ft). Moreover, u £ attains its maximum at x £ G A, 

liminf u £ (x £ ) > 0, 
lim^4(x £ ) = inf A(x), 

and there exists C, A > such that 

u E (x) < Cexp ( - -— — — ^—r)ddn(x), x G ft. 

V £ 1 + \X — X £ \ ) 

Recall that if ft is a domain with a smooth bounded boundary then the classical Hardy 
inequality reads as follows. There exists a constant Cq G (0, 1/4] such that 

(6.12) [ \Vu\ 2 dx > C n [ dx VuGC c °°(ft). 

Jn Jn dan 

If ft is convex then Cq = 1/4. In general, Cq varies with the domain and could be arbitrary 
small. To prove Theorem [5j one defines the penalization potential 

k(1 - xa{x)) 



H(x) 



{dan(x)) 2 r](x) 



NONLINEAR SCHRODINGER EQUATIONS WITH FAST DECAYING POTENTIALS 19 

where rj 6 C(Q) is continuous, with < n < 1 in Q, and 

rj(x) = I logd 9 n(x)\ 



on a neighborhood of dQ,, < (3 < 1/2 and where < k < C^. Then for every n G TyQ' 2 (fi), 

2 \ „. / [7l„.|2 



(6.13) / |Vn| z > k / 

After that, one proceeds similarly to the proof of Theorem [3l 
In the construction of barriers, one replaces Lemma 13.41 by 

Lemma 6.4. If w G C(fi \ A) n W 1,2 (O \ A) sote 

-Aw - ffw = i7ifl\A, 
iy = 1 on dA, 
w = on 

i/ien i/iere exzsi < c < C < oo such that for x G \ A 

co!(x,dft) < tw(ar) < Cd(x,d£2). 

Proof. First set [/j = {i £ SI : dQn(x) < 5}. There exists 5' > such that o^q G C 2 (Us>)- 
One has then |Vo!,9q| = 1, and 

K = ||Ad 9n || L oo ( i7 5 ) < oo. 

Define now, for t > 0, 

^) = </3- 7 r i T^)- 

(log A) 

A direct computation shows that, there exists <5 > such that, 8 < 6', and for i G (0, 5), 

-■/"(*)- 7^+1 > *W)1- 



One can thus define W G C 2 ^/) by 

W(x) = j{d dn (x)). 

One has 

-AVF -HW = -J'(d dn )Ad dn - J"(d dn )\Vd dn \ 2 - HJ(d d n) > 0. 

Now, one can take n G R such that nVF > w on 0, n c^t/^. By the comparison principle which 
follows from (|6.13p . one has w(x) < fiW(x) < fj,/3d(x,dd). 

For the lower bound, the same comparison principle implies that w > 0. Hence —An; > 
in \ A and the conclusion follows. □ 

6.3. Slowly decaying potentials revisited. Although our results above are valid for all 
nonnegative potentials V, they become sharp only in the case of compactly supported or 
fast decaying potentials, see discussion after Theorems [3] and Theorem UJ However, the 
modifications to the penalization method of [6] that are made in this paper allow us to 
improve the concentration results of [6] for slowly decaying potentials as well. 
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Theorem 6. Let N > 2 and 1 < p < ^r|. Assume that there exists a < 2, a > 0, m > 



and M > such that V, K G C(R N , R+) sate/y, /or a// x G 

F(x) > m(l + 
if(x) < Mexp (cr|x| 1_a/2 ). 
Assume that there exists a smooth bounded open set A C M> N such that 

< inf A(x) < inf A(x). 

x£A xedA 



Then there exists £o > such that for every < e < Eq, equation {Ve ) has at least one positive 
solution u £ G T>q{U. n ). Moreover, u £ attains its maximum at x £ G A, 

liminf u £ (x £ ) > 0, 
s— >0 



lim A(x £ ) = inf A(x) 
e^O xGA 



and i/iere exisi C, A > such that 



The essential improvement in this result comparing to [6] is that now, for every fixed 
x G R , one has the optimal exponential decay rate as e — ► 0. A similar decay estimate was 
already obtained in [3l Lemma 22] . Also note that Theorem [6] includes concentration when 
a < 0; this case was not specifically addressed in (3j [6]. 

To prove Theorem El one proceeds as in the proof of Theorem [3j modifying appropriately 
the construction of barrier functions by taking, in the proof of Lemma 15.21 

/ \ _ J le{x - x £ ) if \x - x £ \ < r, 

I exp \-[r 2 — \x — x £ \ 2 Jj it \x — x £ \ > r. 

In the borderline case a = 2, one obtains the following. 

Theorem 7. Let N > 2, 1 < p < -j^r§. Assume that there exists a > 0, m > and M > 
swc/i that V, K G C(M 7V ,1R + ) safe/?/, /or a// x G R N , 

V(x) > m(l + |x|)~ 2 
#(x) < M(|x| + 

Assume that there exists a smooth bounded open set A C M> N such that 

< inf A(x) < inf A(x). 

z£A zgdA 

T/ien £o > such that for every < e < £q, equation fl"P £ D /ias least one positive solution 
u £ G fg(R )• Moreover, u £ attains its maximum at x £ G A, 

liminf u £ {x £ ) > 0, 
e^0 



lim.A(x e ) = inf A(x) 

e^0 :reA 



and there exists C, A, v > sitc/i i/iaf 



».(•'•) £ f'<>xi)( -- ' X . )(l + |x-x e |)"«, x G R^. 
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Again, for every fixed x G R , one has the optimal exponential decay rate as e — > 0. In 
the proof, one now takes 

{j £ (x - x £ ) if \x - x £ \ < r, 
( i r ) e if lac — x e \ > r. 
V \x — x £ \ J 

6.4. More general nonlinearities. All statements and proofs given in this paper could be 
extended to the equation 

-e 2 Au + Vu = Kf(u), 
where / G C(M) satisfies the assumptions of [6], i.e., 

(/i) there exists q G (1, $±§) such that /(s) = 0(s q ) as s ^ 0+; 
(/2) there exists p G (1, -j^rf ) such that /(s) = 0(s p ) as s — > oo; 
(/3) there exists 8 > 2 such that 

< #F(s) < sf(s), for every s > 0, 

where F(u) := Jq f(s)ds; 
(fi) the function s i— > f(s)/s is nondecreasing for all s > 0. 

The penalization potential -ff : — ► M could be then chosen as before, the truncated 
nonlinearity g £ : x 1R + — > M should be defined as 

#eO,s) := Xk{x)K(x)f{s) + min (e 2 i/(x)s, 

while the function A(x) is to be replaced by the concentration function C(x), as introduced 
in [6]. The condition on c becomes a < (N — 2)q — N. We leave the details to the interested 
reader. 
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